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Summary 
In the foregoing Notes, saturation for the singular integral K(f; x; ~)=2n)-“‘s 
7rc z+) {en k(ezc)}du has been considered in the spaces L,(En), l<p<2. On the 
bzis of these results, the present Note extends them to the case S<p<co. The 
method of proof will be given by an elementary “dual method” which is entirely 
independent of the (explicit) use of distribution theory. In distinction hereto, 
E. Gorlich and M. Kozima-G. Sunouchi obtained saturation and charaoterization 
theorems for the integral K(f ; x; e) using distributional Fourier transforms. Applica- 
tions are given to the singular integral of Ce&ro-Riesz. 
This paper is a sequel to the preceding four papers with the same title 
published in these Proceedings (Note I, Vol. LXIX, p. 515-531; Note II, 
III, Vol. LXX, p. 52-73; Note IV, Vol. LXXI, p. 325-335). The contents 
of these Notes are assumed to be known. References are in alphabetical 
order in each paper, but they as well as the sections are numbered con- 
secutively throughout this series. 
12. Saturation in L,(En), 2 <p<co 
In Note I we have outlined a general theory of saturation for the 
singular integral (1.1) in the spaces L,(En) for 1 <r, < 2. Here we are 
in particular interested in the case 2 <p coo in order to complete the 
results obtained. 
In this Note we shall confine ourselves to the situation given by (1.4), 
thus consider the singular integral defined by 
(12.1) 
where f E L,(En), 1~11 <co, and k E iVLl(En), i.e. k E Ll(En) with 
J k(u)du= (2n)n’z, and e is a positive parameter. In particular, we 
En 
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assume that there exist constants c#O and a> 0 and a bounded measure 
Y normalized by J dv = (2n)*/2 such that 
IP 
(12.2) kyu) - 1 = c~w~“v”(w). 
In this case, condition (3.2) is satisfied with p,(e) =Q-“, V(V) =c/v/~ and 
v:(w) =v”(w/e). We observe that instead of the relations (1.3) we have 
the more general 
0) II jr(. -uWv(e4 IIP Q Ilfll~jlW 
(12.3) 
Oi) Ez 11 pnp/2 ~ -L J ft. -@Weu)-ff(.)Ilp=O 
holding for any normalized bounded measure v and f E L,(En). 
For 1 <pg 2 we introduce the class 
(12.4) w,., = {f E ww :bl”fW =sw, 9 E ww). 
Thus to each f E W,., there corresponds a uniquely determined function 
g E L,(En) which is known as the Riesz derivative f(“} of f. Note that 
so far this definition is only meaningful for 1 =ZQG 2. 
To prove our main result we need the following lemma which is an 
immediate consequence of Theorem 3.3. 
Lemma 12.1: If k E NLl(En) satisfies (12.2), then for every f E W,.,, 
1=q3,22, 
(12.5) lim II e”(K(f; . ; e)-f(.)}-cf{“)(*) lb=O. 
Q--J 
Indeed, it follows by (3.11) that 
(12.6) e”{Wf; xi e)-f(d) = 
and thus (12.3) implies (12.5) since v is normalized. 
Theorem 12.1: Let f E L,(En), 2 <p < 00, and let k be an ewen kernel 
in NLl(En) satisfying (12.2). Then the following statements are equivalent: 
(9 IlWf; - ; e)-f(*)llp=O(e-a) (e + m); 
(ii) there exists a function g E L,(En) such that for every + E W,., 
(12.7) c .F fwPv4~~ = s 9@4#4~~; En En 
(iii) there exists a function g E L,(En) such that 
(12.8) lim Ile”(K(f; - ; e)--f(.))-9(.)IIP=O. e--Q 
Proof: We recall that p and q are conjugate numbers, i.e. p-l + q-1 = 1. 
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Thus, in the present case, 1 -C q -C 2 and hence the expressions occurring 
in (12.7) are meaningful. 
Let (i) be satisfied. Following [53, p. 4051, for each 4 E IV,, d* we define 
the functional 
By Holder’s inequality and the theorem of Fubini it follows that 
(12.10) @Q (f) = s 4(4e”{W; xi e) -fWPx. 
E” 
From (12.9) we obtain by Lemma 12.1 and Holder’s inequality that 
lim CD&f) = c J f(x) 4{“)(z) dx, 
e-+w E” 
whereas from (12.10) we obtain by (i) and the weak compactness of 
L,(D) that there exists a subsequence {er} and a function g E L,(D) 
such that 
lim @,,.W = S g(x)4 Wh 
i--too IP 
which proves (ii). 
If (ii) holds, then in view of equation (12.6) we may rewrite the functional 
(12.9) as follows 
(12.11) 
Since by a consideration of the respective Fourier transforms and the 
uniqueness theorem 
jJ#“)(x- u)dv(~u) = [,i $(a - u)dv(p)]{~)(x) a.e., 
we conclude from (12.11) and the hypothesis (ii) that 
for every f$ E W,, a. It follows by (12.10) that 
@(K(f; x; e)-/(x)}= & s g(x-~)~vkd a.e.9 ,tP 
which, in view of (12.3), gives (iii). Trivially, (iii) implies (i), and the 
proof is complete. 
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Corollary 12.1: If ~E-WW, 2<p< 00, and k is an even kernel 
in NL~(lP) satisfying (12.2), then 
IIKY; - ; e)-f(*NP=a?-“) (e+m) 
implies f(x) = 0 a.e. 
We observe that by the same methods of proof we may also obtain 
results in Co(E”), the space of all functions continuous on En vanishing 
at infinity. The hypothesis that k is even is not essential. If k is not even, 
then the adjoint operator 
K*(f; xi e)= (2;;n,a .&f(x-4 k(-p)du 
enters (cf. [44, p. 2621, [33]), but the results are the same. 
In recent papers, M. KOZIMA-G. SUNOUCHI [55], [64] and H. S. SHAPIRO 
[66], [67] studied the following generalization of the integral (12.1) 
(12.12) K(f; xi e) = (2nfn,z .Jf(x-ww. 
where x is a bounded measure normalized by J dx = (2n)n’z. In view of 
(12.3) (ii), the integral (12.12) defines an approx:mation process in L,(En), 
and it is almost obvious that the methods of proof of Note I of the series 
and Theorem 12.1 apply to (12.12), too. Let us mention that in particular 
the spherical means (7.1) are of the form (12.12). Thus the integral (12.12) 
gives rise to a unified treatment of the spherical means as well as of the 
integral (12.1) which is the case for an absolutely continuous x. Further- 
more, these remarks also remain valid if we consider the respective gener- 
alization of the integral (1.1). 
Let us add some further comments. 
The method of proof of Theorem 12.1 is a straightforward generali- 
zation of one presented in [53]. It may be regarded as a very elementary 
version of so called “dual methods” which are used, in particular, in 
recent papers by several authors to obtain related results. We mention 
the papers of H. BUCHWALTER [61], [62], K. DE LEEUW [33], G. SUNOUCHI 
[69] and M. KOZIMA-G. SUNOUCHI [55], which have stimulated us as 
well as those mentioned in [53, p. 4071. In this respect, we gratefully 
acknowledge written communications by H. S. SHAPIRO 1) and many 
valuable suggestions by P. L. Butzer. 
Regarding the characterization of Favard classes in terms of the Fourier 
transform of f which originally was our first result (cf. (3.9)) we observe 
that it is possible to extend these results to L,(En), 2<p<co, if one uses 
a suitable (distributional) definition of the Fourier transform. For the 
1) There will be & revised edition of [59] in which e.g. in Sec. 5.4 elementary dual 
methods are applied to e.g. the one-dimensional singular integral of Fbjer. 
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(particular) approximation process of the (general) singular integral of 
Weierstrass this was shown by E. G~RLICH [52] using elementary results 
on Schwartz’s distribution theory and Bessel potentials. Using the same 
methods he solved [63] the problem also for the general singular integral 
(12.12). Another general approach was recently given by M. KOZIMA- 
G. SUNOUCHI [55] in case 01 of (12.2) is an integer. According to a written 
communication by G. SUNOUCHI there will be a further paper [64] where 
the arguments will be extended also to general o1>0 using L&-spaces 
and a regularization process. For a further more specified discussion of 
the development of the different methods we refer to [63]. 
Passing to applications, the essential point is to verify the condition 
(12.2). Here, a result of M. KOZIMA-G. SUNOUCHI[~~, p. 1571 for radial 
kernels (which is indeed a straightforward generalization of the semi- 
group identity of e.g. (4.6)) is the main tool. Thus (cf. also [65]), let us 
consider the singular integral of Cesko-Riesz of order x > 0, 3, > 0, defined 
bY 
where r,. 1 is given by its Fourier transform 
(12.14) 
It is known that rx, 1 E NLi(Ea) for iz> (n- 1)/2. Moreover, r,, A is a radial 
function and thus the above cited result of M. Kozima-G. Sunouchi may 
be applied to prove that (12.2) is satisfied for 1> ((n- 1)/2) + 1. But in 
view of the identity (cf. [42, p. 831) 
(12.15) r~a(V)=~::a+l(v)+lvlYrX?a(v)~ 
it follows immediately that rx. L then satisfies (12.2) for all 1> (n- 1)/2. 
Therefore, for x> 0, A> (n- 1)/2 the singular integral of Cesko-Riesz is 
saturated in L,(En), 1 <p<<, with order O(Q-“), Q + co. In particular 
Theorem 12.2: Let f E L,(En), 2<p<oo. Then for x)0, A>(n- 1)/2 
the following assertions are equivalent for the integral R, A (f ; x; Q) of Cesbro- 
Riesz : 
0) lIRx.,(f; - ; e)-f(41~=o(e-x) (e -+ 00) ; 
(ii) there exists a function g E L,(En) such that for every 4 E W,,. 
- 3, J f(x)@” (4 dx = J g(x) + (x) ax ; 
En P 
(iii) there exists a function g E L,(En) such that 
fim Ile” {&.A (f ; . ; e)-f(~))-d~)lb=o~ e--J 
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For a further characterization in terms of certain fractional integrals we 
refer to M. KOZIMA-G. SUNOUCXI [64] and W. TREBELS [70]. 
Finally, let us remark that in view of Notes I-III the characterization 
in terms of the Fourier transform of the function f (cf. (3.9)) was, for 
1 <p=~ 2, the intermediate station in the derivation of further charac- 
terizations of the respective Favard classes. For 2 <~-COO this r61e is 
now played by condition (ii) of e.g. Theorem 12.1. By means of this 
property, different kernels may be compared. In this respect, we mention 
an entirely different approach recently developed by H. S. SHAPIRO (cf. 
e.g. l391, W31) h w o proves general comparison theorems for approximation 
processes of type (12.12). The key to his results are properties on the 
global as well as the local divisibility of the Fourier-Stieltjes transforms 
of the respective kernels. 
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